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Abstract

Purpose: In Islamic architecture, using arches to build dome-shaped buildings has been very common. So, the research
on building the domes of shrines and mosques is undoubtedly directed at studying the arches of those buildings. In this
article, we will investigate and geometrically model the domes from the perspective of differential geometry and as a
rotating surface. We try to present the scientific connection between the art of architecture and differential geometry in
a way that interests experts in both architectural and mathematical trends.

Methodology: In architecture, the dome is the product of a productive cycle around the vertical axis. This interpretation
is equivalent to the definition of the rotating procedure (generating curve) in the subject of differential geometry. Special
methods can obtain the generator curve. At first, according to the drawing method, we parametrize half of the arch in
the Euclidean xoz plane according to the length of the dome opening and then rotate the resulting curve (or the
generating curve) around the vertical z-axis. The method of conducting this research is quantitative and includes
calculations related to the types of domes, and its type can be considered descriptive research.

Findings: We found a significant link between the mathematics that governs domed buildings and the productive arch.
Originality/Value: Considering the multitude of types of arches in architecture, in this article, after stating some
necessary definitions of differential geometry, in addition to presenting the method of drawing each arch, we will only

bring the calculations related to the types of arches with legs, horned goats, five-o-seven and shamrocks. Ultimately, we
will implement our calculations on the dome of Juma Mosque in Ardabil.
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Figure 1- Drawing of chafed Patupa [13]. '33
~

s Chars o 31 By QG 3 95 s ylon ¥ 41 o] g oy o 3 o 4 8 15 0 -0
]

S il gl o ] sy oy OBy 88" b By S 0y -

S gl iy blE 1y o8 by 5 0 4 € 5 1y Lo G ot o S y a3 oy o4y BB -

o ot s szl s H gl 353 Ja 605 gy 8 16 g 148 0 4 b =F

oS Ji o JS lye 4D yad aglaf -0

s fip g ot haH g lagles -#

35 S Sp

FaY-FYY taedp Y Y QL"WU Y a)Lwi' A 0)9 cQL:LQ.GJ.: 3

Figure 2- Drawing of chafed horned goat [3].
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Figure 3- Drawing of a horned horned goat [3].
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Figure 4- Drawing of a simple chafed clover [3].
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Figure 5- Drawing of chafed chabadri tand [3]. —%
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Figure 6- Drawing of chafed shabadri kand [3].
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Figure 7- Drawing chafed panj oheft tand [13].
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Figure 12- Image of the main curves of a procedure (authors).
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Figure 13- Image of vertical and geodesic curves on a surface [14].
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f+ (&)*cosu.sinu = 0. 1)
g+ 2y - (1)
g+2fgcosu 0.
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Table 1- The geometric modeling of a simple patopai arch.

z =-0.5d ++/(1.2d)2 = (x + 0.5d)?, 0 < x <0.35d. Sinde
7z = V0.25d2 — x2 0.35d < x <0.5d. X% ‘5)2.‘9‘)[3
h =~ 0.6d. el glasyl
(u,v) = (0.5dsi 0.5d sin usin v .0.5d cos u) O<u<ds.
o(u,v) = (U.odsin u cos v.uU. smusmyv .U. cosu), 0 SVSlSOO.
) L 45° <u < 70°
o(u,v) = (1.2dsin u cos v.1.2d sinusinv .1.2d cos u), 0 <v <180
0.354 ~(x+0.5d) 2 0.5d -x 2
L= [ Fa [\t e -
0 ~ \W(@2d7 = (x+ 0.5d)? 035d 10.25d2 - x2 o9 Jsb
35d _ 5d 2 5d / _ 2 a8 coluw
S:Z'r(j‘O x.\/l+( (x+0.5d) )dx+j‘0 X. l+(7x) dx|.
0 (1.2d)Z - (x + 0.5d) 0.35d V0.25d2 - x2
.35d .5d A....f
V=2n ( f x.|-0.5d + /(1.2d)2 = (x + 0.5d 7| dx + f) x.|V0.25d2 = xZ|dx . il
0 0.35d
a=Yosa=a  w=Yosa=%q, 0" <us<d4s
_1 _5 _1 _5
=Y120=%a  2="124=sq, 45 <us<70
_1 _4 1 _2
Z=Yosap=Ya2e 7 =Yosa="a, 0"<us<45
_1 _25 1 _5 . .
T = q2ap="ls6az 7 =2a="ea 45" <u <70
0.5d cosu(0.5dcos?u.sinu —-1) =0, 0° <u<45.
1.2d cosu(l.2dcos?u.sinu—1) = 0, 45° <u<70°.
0.5d sinu (-dsinu-1) =0, 0" <u<45.
1.2d sinu (-2.4dsinu—1) =0, 45° < u < 70°.
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Table 2 - Geometrical modeling of the sharp horn arch.

z = -1.1d + /(1.6d)? — (x + 0.5d)?, 0<x<0.33d (S
2 =+/(0.33d)2 - (x - 0.17d)?, 0.33d < x <0.5d oud (5 2l )b
h ~0.44d. ol Elis)|
. . . 0" <u<60°.
o(u,v) = (0.33dsin u cos v, 0.33d sin u sin v ,0.33d cos u), 0 <v <180°
. . . 60° <u<70.
o(u,v) = (1.6dsin u cos v,1.6d sinusinv ,1.6d cos u), 0 <v<180°
0.33d _ 5d 2 5d —(x=017d 2
L:f \/1+( b+ 05d) )cb<+fO \/1+( (x - 017d) )dx. 5 ok
~ \(1.6d)* - (x + 0.5d)? 033d V(0.33d)% - (x - 0.17d)? oy

0
' - : : —(x— 2 o€ colus
s:zn[fasdx.\/n( (x+0.5d) ) dx+f05dx-\/1+( (- 017d) ) dx|.
0 (1.6d)? — (x + 0.5d)? 033d V(0.33d)2 = (x — 0.17d)?
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Table 2- Continued

0.33d s
V=2n ( f x.|-1.1d + V(T6 — (x + 0.5d)2dx + f x.| V(0337 ~ (x—0. 17d)2|dx). =5 e
0
1 _3 0 <u<60.
=1 033d = é l0d = 1/ 033d 7 104 “ " o
— — _ _ < < °,
«a=16a=sa  2="6a="sa sus
o _1 _9 _1 _3 0° < u < 60°.
7 =1 033a2="hooaz 7 =033d =104 “
o1 _2 _1/ _s 60° < u < 70".
7 = aeap="leaaz 7 ="16a="sa
0.33d cosu(0.33dcos?u.sinu —1) = 0, 0°<u<60.
1.6d cosu(l.6dcos?u.sinu—1) = 60° <u<70°.
0.33d sinu (~0.66d sinu —1) = 0, 0 <u<60. 6\ ¢
1.6d sinu (-3.2dsinu—1) = 0, 60" < u < 70".
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Table 3- Geometrical modeling of the slow horn arch.

z = —1.4d + /(1.8d)2 - (x + 0.5d)?, 0<x<042d. (e

= \(016d) - (x - 0.42d)?, 0-42d <x < 0.5d. oads (g yzal
h =~ 0.32d. e £l
o(u.v) = (0.16dsin u cos v.0.16d sin usin v .0.16d cos u), 0°<u<60. "
0°<v<180 :§
o(u,v) = (1.8dsin u cos v.1.8d sinusinv .1.8d cos u), 60° <u<75. o)
0" <v<180 o
42d —(x +0.5d) 2 sa | —(x - 0.42d) 2 2
L= [ \/1+( e [ [ o -~ 3
0 VL8d) - (x + 05d)2 owa ' \V(016dP - (x - 042d) o R
[ ~
[ (osa ~(x+05d) | sd ~x-042d) )\ ) A4S Colua .
S =2mj dx + x. \1+ i,
(7o «/(1.8c1)2 — (x+0.5d)2 0424 V(016d)2 - (x - 0.42d)2) | .
0.42d 0.5d aus \\/k
V =2n x.|-1.4d + /(1.8d)2 — (x + 0.5d)?|dx + x.|(0.16d)% - (x — 0.42d)2|dx . g
0 0.42d ‘O
: )
-1 25 _1 _25 0°<u<60. .
=/ 016d = 5/ PR 1/ 0164~ /acr @ N e )
_ _ _ _ <u<75. .
=Y18a=Y%a  x2="184="oa sHs °
-1 — 625 -1 - 25 0°<u<e60. D
7 =Y 01602 = %heaz 7 ="o16d= " aar u 3
-1 -25 -1 -5 60° <u<75. .
Z=Yasae="lsiaz 7 ="18a="loa “ 3
0.16d cosu(0.16dcos?u.sinu—1) = 0, 0°<u<e60. z
1.8d cosu(l.8dcos?u.sinu —-1) = 0, 60° <u<75. 3
0.16d sinu (-0.32dsinu-1) =0, 0°<u<e60. <
1.8d sinu (-3.6dsinu—-1) =0, 60° <u<75. }
>
en
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Table 4- Geometric modeling of simple clover arch. _})
2 = ~0.35d + /A — (x + 0.354), 0<x<035d. givie g
z=+/(0.5d)2 - 2, 0.35d < x <0.5d. oad 5 ytal b .
h =~ 0.6d. g8 gl }
o(u,v) = (0.5dsin u cos v,0.5d sin u sinv ,0.5d cos 1), 0° <u<45. >
0" <v<180". -
o(u,v) = (dsin u cos v,dsinu sinv ,d cosu), 45° <u <70°. ;',
0" <v<180™ o
-35d ~(x+035d) \? 5d -« ¥
N (e [ ) o "
0 Vd? — (x + 0.35d)? 0.35d V(0.5d)? — x? o Job
0.35d —(x+035d) \ 5d / _ 2 a8 coluo
S= an \/ ( (x+ ) )dx+fO X. l+(7x) dx|.
— (x + 0.35d)? 0.35d (0.5d)> — x*
. .5d .
V=2n ( f x.[-0.35d + /2 = (x + 0.35d)2|dx + fo x.[VO5a7 - x2|dx). A e
0 0.35d
_1 _2 _1 _2 0° <u<45.
a=Yosa=a 2 =050 sH=
=1/, =1/, 45" <u <70°.
1 4 1 _2 0° <u<45.
Z=Yosap=Ye 7 =Yosa=a "
-1 7 — 1 45° <u <70°.
7= 7=y !
0.5d cos u(0.5dcos?u. sinu —1) = 0, 0°<u<45.
d cos u(dcos®u.sinu —1) =0, 45° < u < 70°.
0.5d sinu (-dsinu—-1) =0, 0° <u <45°.

d sinu (-2dsinu—1) =0, 45° <u <70°.
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Table 5- Geometric modeling of the sharp clover arch.

z =-0.25d + 4/d? — (x + 0.43d)?, 0 <x<0.43d. (g
= (0542 -x2, 0.43d < x < 0.5d. oM syl
h ~ 0.65d. wsd gl
. . . 0" <u<30.
6(u,v) = (0.5dsin u cos v,0.5d sinusin v ,0.5d cosu), 0" <v <180".
. . . 30°<u<65
6(u,v) = (dsin u cos v,d sinusinv ,d cosu), 0 <v <180,
j““\j ( ~(x +0.43d) )Zd +f°’5d‘/1+( X )2d
X —— dx 5
Vd? - (x +0.43d)? 043d V(0.5d)% - x2 w98 Jsb
45 —(x+043d) 05d V) A5 Sl
S= 27'(,fﬂ ( )dx+f X. 1+(7) dx|.
VdZ = (x + 0.43d)? 043d V(0.5d)2 - x2 )
.43d ;\..Z!p»
V=on (f x.|-0.25d + y/d ~ (x + 0.43d)F]lx + f x.|V05d)2 - x2|dx) ;
0
=1 — . =1 — o
a=1fosa=Ya  2=Yosa=Ya 0<us<30.
Ky = 1/d’ Ky = 1/d' 30" <u <65
Z=Yosap=Yaz 7 =Yosa=%a 0"<u<30.
‘%zl/dz’ Z/:l/d' 30" <u<65°.
0.5d cosu(0.5dcos?u.sinu—1) = 0, 0° <u<30.
d cosu(dcos?u.sinu—1) =0, 30° <u<65°.
0.5d sinu (-dsinu-1) =0, 0" <u<30.
d sinu (-2dsinu-1) =0, 30 <u <65
WS (5 g g (g5l e -F Jour
Table 6- Geometric modeling of the slow clover arch.
z = -0.43d + y/d2 - (x + 0.25d)?, 0<x<025d. S
— /(0.5d)2 X2, 0.25d < x < 0.5d. s LS):-“)l:!
h ~ 0.55d. oo £l
o(u,v) = (0.5dsin u cos v,0.5d sin usin v ,0.5d cosu), 0°<u<60.
0" <v<180°
6(u,v) = (dsin u cos v,d sinusinv ,d cosu), 60°<u<75
) 0°<v<180
0.25d —~(x+025d) | 5d x 2
e [ [ T (2w .
V&= (x+025ap 0254 V05d7 —x2 od Jsb
fﬂ25d \/ ~(x+025d) \’ 0.5d \/ x 2 asS coluw
S=2n dx+f X. 1+(7) dx|.
( VdZ = (x + 0.25d)? 25d)2) 0254 (0.5d)? - x?
0.25d .
V= ( f x.|-0.43d + ydZ ~ (x + 0.25d2|dx + f x.|VO5d)2 - x2|dx) a5 gz
= /o.5d— Jar o e="Yosa=Ta O'sus60.
zl/d, Kzzl/d, 60" <u <75
1 _4 7 -1 _2 0" <u<60.
Z=Yosap =Yg 7 =Yosa=Ya u
‘%:1/d2’ Z/:l/d’ 60° <u<75.
0.5d cosu(0.5dcos?u.sinu-1) =0, 0°<u<60.
d cosu(dcos?u.sinu-1) =0, 60° <u <75.
0.5d sinu (-dsinu-1) =0, 0" <u<60°.
d sinu (-2dsinu-1) =0, 60° <u<75.
Table 7- Geometrical modeling of the five-point arch.
z=-0.73d + /1.3d)2 - (x + 0.5d)2, 0 <x<042d i
(0.3d)2 - (x - 0.2d)?, 0.42d < x < 0.5d s (5 ol b
h ~0.49d. s £l
_ . . . 0°<u<45.
6(u, v) = (0.3dsin u cos v,0.3d sinusin v ,0.3d cosu), 0 <v <180°
45° <u < 65°

o(u,v) = (1.3dsin u cos v,1.3d sinusin v ,1.3d cos u), o <_V < 180"
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Table 7- Continued.

0.02 ~(x+0.5d 054 ~(x-02d) \? o sk
L= f 1+ dx + f 1+ dx.
0 ~ \VI3dP - (x + 0542 0aa V. \V(03d)— (x - 0.2d)?
[ oaza ~(x+05d) | Sd -x-02d) \, ) A8 Solune
S= Zm dx + dxi.
\Var - xz 05a7 V03dy - (x-02d) |
V =21 ( f x.|-0.73d + V1.3d = (x + 0. 5d)2|dx + f x.|V(0.3d)2 = (x = 0. 2d)2|dx) A e
-1 -1 _1
fs /o.3d;0 foar 2= 1/0.3d_10/3d’ C<us<ds.
a=1134="%30  2="3a="%sa 45 Su<65 "
-1 — 100 o7 1 _10 0° <u<45.
7 =Yozap=""0oaz 7 ="oza="Ysa
-1 — 100 -1 ~10 45° <u < 65°.
7 = azap=""%heoar 7 ="3a="Y13a "
0.3d cosu(0.3dcos?u.sinu—1) =0, 0° <u<45.
1.3d cosu(1.3dcos?u.sinu—1) = 0, 45° <u < 65°.
0.3d sinu (-0.6dsinu-1) =0, 0° <u<45.
1.3d sinu (-2.6dsinu—-1) =0 45° <u <65
oolys cio ol iy (B (pwin (g3l oe -A Jso
Table 8- Geometrical modeling of the arch of five horizontal arches. a
z=-1.6d+/2d2 - (x + 0.5d)2, 0<x<025d. e —%
z = —0.35d + /(0.65d)2 — x2, 0.25d < x < 0.46d. oad szl 2
z = /(0.15d)2 — (x — 0.35d)?, 0.46d < x < 0.5d. D
- )]
h ~0.39d. el glis| 2
o(u,v) = (0.15dsin u cos v,0.15d sin usin v ,0.15d cos u), (;) 5;151‘;50 =
o(u, v) = (0.65dsin u cos v, 0.65d sinu sinv ,0.65d cos u), 35 ;Vusslggo: \"l\
_ dsi sdsinusing 2d 65°<u<75 “
o(u,v) = (2dsin u cos v,2d sin usin v ,2d cosu), 0 <v <180 o
0.25d —(x+05d 2 0.46d 2 .
T TR P T e - 4
0 V2d)Y2 = (x + 0.5d)2 zsa (. 65d)2 —x2 o a
.5d —(x —
. f \]1 . ( (x - 0.35d) ) o :‘%
0.46d V/(0.15d)? - (x — 0.35d)2 3
025d ~(x +0.5d) 2 0.46d x 2 a8 colus z
S=2th X. 1+(—) dX+f X. 1+(7) dx Q
0 ,V(Zd)z - (x+0.5d)? 0.25d 1/(0.65d)2 — x2 2
5d C(x — 2 I
. f N \/1 . ( (x - 0.35d) ) ) }%
0.46d 1/(0.15d)2 - (x — 0.35d)2 =
.25d A..Z: ‘*'
V =2n ( f x.|-1.6d + v(2d)? - (x + 0.5d)2|dx il j
0 s
D
f x.|-0.35d + /(06547 — x2dx f x.|V(015d2 ~ (x -0. 35d)2|dx). -
0.25d 9
1 =
D J0154 = . Vsgr  ra= 1/0.1501— Zt{sdf 0"<u<d45.
a=Yoesa= e 2= Yossa= e 457 <u=<65 %
) 403(1, Ky = %d’ 0 65° <u <75 r
Z =Y 01502 = Yoz 7 =Yo154 =50 0"<u<45. q
_1 — 400 7z -1 - 20 o o -
Z =1 0.65dp = fieoaz 7 =Yo65a = 13a 45 <u <65 <
1 _1 1 o o
T = oap=Ysar 7 =Ya 65 <u<75.
0.15d cosu(0.15dcos?u.sinu —1) = 0, 0°<u<45.
0.65d cos u(0.65dcos?u.sinu—1) =0, 45° <u < 65°.
2d cosu(2dcos?u.sinu-1) = 0, 65" <u<75.
0.15d sinu (-0.3dsinu—-1) =0, 0° <u<45.
0.65d sinu (-1.3dsinu-1) =0, 45° <u <65

2d sinu (-4dsinu-1) =0, 65" <u <75
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Table 9- Geometrical modeling of the arch of five ohft.

z=-d+(15d) - (x + 05d)2, 0<x<037d e
=4/(0.3d)% - (x - 0.2d)?, 0.37d < x <0.5d o (5 el )by
h ~ 0.43d. oosd £
(u,v) = (0.3dsi 0.3d sin usin v ,0.3d cos u) FsusS>
o(u,v) = (0.3dsin u cos v,0.3d sin usin v ,0.3d cos u), 0 <v <180°
. . . 55° <u <70°
o(u,v) = (1.5dsin u cos v,1.5d sinusin v ,1.5d cos u), 0 <v<180°
37d —(x+0.5d 2 05d —(x-0.2d 2
e Y L Y e 1T s
0 ~ \Y(1.5d)* - (x + 0.5d)* 0.37d AY(0.3d)* - (x - 0.2d)? Sl
( ~037d _ 0.5d) 0.5d _(x—02d \ S colio
S:Znif x.\jl+( (x+0. )dx+f X. 1+( (- 02d) )dxi.
(Mo V(1.5d)2 - (x + 0.5d)? 07d V03d7 - (x-02d2) )
V=21 ( f] x.|-d + /(1.5d)2 = (x + 0.5d)2|dx + f x.[V(0.3d)2 = (x- 0. 2d)2|dx) S o
1 10 1 1
a=Yo3a="%a  *="3a=""sa 0"<u<55.
_1 -2 -1 _2 o o
< =Y154="3a: K2 = /15d— /3 o5 Su =70
_1 — 100 -1 1 o 5
Z = /(O.3d)2_ /oqz- f034="5a 0"<u<55.
-1 _4 — — o o
7 =asap=%oazr 7 ="15a="sa 55" sus<70.
0.3d cosu(0.3dcos?u.sinu—-1) = 0, 0° <u<55.
1.5d cosu(1.5dcos?u.sinu —1) = 0, 55° <u<70°.
0.3d sinu (-0.6dsinu—-1) =0, 0" <u<b55.
1.5d sinu (-3dsinu-1) =0, 55 <u <70
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Table 10- Geometrical calculations related to Ardabil Juma mosque (chafed shabadri tend).

z = -3.13 +4/127.81 - (x + 5.38)?, 0<x<5.38. (e

=v39.18 — x2, 5.38 <x < 6.26. odd (5 y%al )y

h ~814. e glisl
— (6.26si 6.265i . 6.26 0" <u<30°.
o(u, v) = (6.26sin u cos v, 6.26 sin usin v ,6.26 cos u), 0 <v <180
30°<u <65

o(u,v) = (12.52sin u cos v,12.52 sin usin v ,12.52 cos u),

|
38 2 26 2 .
L:f5 \/1+ﬂdx+f S+ dx =10.40. s Jsb
o 156.75 — (x + 5.38)2 58 39.18 - x2
38 | (x + 5.38)2 x2 oS coluw
S=2n x.\[1+—————dx+ 1+———dx|=79.08m.
o 156.75 — (x + 5.38)2 5o 3918 - x2

38 626 )
V=2n ( f x. |33 + 156.75 - (x + 5.38)2|dx + f x.|V39.18 - x2|dx) = 178.75m. A o>
0 5.38
K =016, 1, =0.16, 0" < u <30°.
K =008 =008, 30° < u < 65°.
% =0.025, 2 =0.16, 0° <u < 30°.
7 =0.006, 2 =0.08, 30° <u < 65°.
6.26 cosu(6.26cos?u.sinu —1) = 0, 0" <u<30.
12.52 cosu(12.52cos?u.sinu — 1) = 0, 30° <u <65
6.26 sinu (-12.52sinu-1) =0, 0°<u<30.
12.52sinu (-12.52sinu-1) =0, 30° < u < 65°.
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Figure 14- Ardabil friday mosque (friday mosque).

(dztun dn0z) Jusd)l droz domue -1 0 S0
Figure 14- Ardabil friday mosque (friday mosque).

' Rhino



AR

4]

™™ Ll R B i

ez Worus WS (595 owsS sLizul -\ F Sl
Figure 16- Gaussian curve on the dome of Juma mosque.

! Sb,5 93150

23 3225 5 58 s

.B wa) JLQ> Gdd Oo‘d)Lé -\v JS&
Figure 17- Placing the carrier blade under point B.

&5"9 Al coss ol Sz =O-Y

25030 Sopes ‘UJ')“'{LJ’.,"\;:'Q%“ sl ‘_sa\)‘:.\ uﬂ)’\m‘ L;LALQ)J ngwj.hdusojl;-)‘ ﬁ:égj AN an oL«faoKn\)T
e 0 aS (5 03 (6 en AT Jugw@\dﬁ‘ujwwww;wg.@h@é\mu;bu,;ouu,@a
el )b.:r.f\.;:} :J,M.’J..a;w fjb 6‘)\3 sl a.)...iaa.,\.}ubx é))f&j@db&[fbés&jw\ R o.L.inLl.gA.UlC,.MJ ol

Foy-FYY i NP Y QL"WJU At O)Lé.:ﬂ A 0)9> W

S Jola s (Gl VY 50 49) G e O 3 a8 sl sl a5 Sl a5 I 4SS Ll oS5 58 ) LSl 4y
VA S 58 psbolen ol 038 o 555 @0 1y (ol 425 o ol 5 5 (b 03 Sl 308 il 3525 8L o0
o3 o) 9 ekl ol (Soladbe (6,80, b sl o (55 5lard 555 de S pelas ) e S5l Sladles 3 S oo salie
Je K Ll5 o S 805 gaeansd 3l odosl (acuend )3 53l (Sliowl 3525 45 355 o s dalius gy Jl3le 5 (5 S)Sw
A bl e bt 5% e olgriy Sl SUT s 5 o0 gt 2 5 blons & Gl Bl o 55 ) ol

S e3lis) dCaand ol 53 Spslie 5 ol a3l 5 S 5l e



£y

b
A
)
3
X
'l;
3
e )
_}‘
)
3
\\j
A
)
‘3
™

-9 e ol 0 5l o jo iy - VA USSS
Figure 18- Falling in a part of the dome of Shah Nematullah Vali.
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Figure 19- Curve on the dome of Shah Nematullah Vali.
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